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Nonisentropic Propagation of Sound
in Uniform Ducts Using Euler Equations

R. S. Goonetilleke,* S. G. Lekoudis,t and W. C. Strahle$
Georgia Institute of Technology, Atlanta, Georgia

The problem of sound propagation in uniform ducts is examined using the Euler equations. First, a numerical
spatial marching technique is examined for the case of no mean flow. The technique uses an initial value for-
mulation. It is found that the scheme is stability limited, in agreement with previous results obtained using the
Helmholtz equation. Also duct mode analysis is performed and the following is observed. When the mean flow
in the duct is treated as isentropic, the solutions agree with existing solutions. However, this implies no pressure
gradient for the mean flow in the streamwise direction. If a mean pressure gradient is imposed, it is found that
the lowest mode attenuates as it propagates against the flow direction. It is also found that the same mode grows
due to an instability, if it propagates downstream. This instability is related to combustion instability.

Introduction

THE problem of sound propagation in uniform ducts has
been of interest mainly due to the noise generated by the

compressors of jet engines. However, lately, interest is also
generated because of the instabilities present in ramjet
combustors.1

There are several other problems of interest when the issue
is the instability observed in ramjets. Several questions that
arise in this case are as follows: What happens when sound
waves interact with vortical instabilities in the flow? Are the
observed instabilities due to nonlinear sound effects or are
they classical hydrodynamic instabilities? How does heat addi-
tion due to combustion affect the instabilities and to what ex-
tent is turbulence affected by them? How does the turbulence
affect the instabilities?

Previous work2"5 has shown that the propagation of sound
in uniform ducts reduces to an eigenvalue problem, with a
single equation for the acoustic pressure. For a single fre-
quency, multiple eigenvalues (modes) of propagation exist,
corresponding to waves that travel both upstream and down-
stream in the duct. Depending on the conditions, these
modes attenuate as they propagate (cut off) and this is
purely an effect due to the geometry. None of these modes
ever grows due to an instability. A basic assumption behind
the work is that the mean flow in the duct is parallel and
that the mean axial pressure gradient is zero. However, the
axial pressure gradient is zero only if the effect of viscosity
on the mean flow is neglected. As mentioned before, all of
the computed eigenvalues showed that the wave mode propa-
gates either with constant amplitude or, if the mode number is
high enough, attenuates because of the geometry (cut off).

The practical problem involves the propagation of sound
in variable area ducts. Different investigators used different
perturbation methods and purely numerical methods to solve
the problem.6"9 However, the existence of a mean pressure
gradient in the mean flow is neglected in the lower-order ap-
proximation, usually called the zeroth-order problem in per-
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turbation methods. Recent efforts using numerical methods
are given in Refs. 10-14. These methods use finite element,
finite difference, or wave envelope techniques and are
directed toward the problem of ducts with large variations in
their cross-sectional area.

In all of the works mentioned, the propagation of sound is
treated as isentropic. This is satisfactory for the case of noise
problems in jet engine ducts. However, there are cases (for
example, a ramjet combustor) where the isentropic assump-
tion of sound propagation becomes questionable. Previous
work15 examined the one-dimensional problem of rionisen-
tropic sound propagation. The classical combustion instabil-
ity appears, where long wavelength waves with propagation
speeds identical to the speed of sound exist, but with their
amplitude growing due to an instability.

In what follows we re-examined the problem of sound
propagation in uniform ducts. The motivation of this came
from efforts to check solutions of the Euler equations for
sound propagating in a duct with a backward-facing step,
corresponding to the geometry of a ramjet combustor. We
re-examined the piston problem by using a spatial marching
technique, hoping that multimode propagation problems can
be treated using this technique. An obvious restriction of the
previous work on this problem is the assumption of
"acoustic mean flow" in the duct. This means that the mean
flow has constant pressure and is isentropic. If these assump-
tions are used, then the energy equation reduces to the isen-
tropic relation for the sound wave. However, in order for
this to be true, the streamwise pressure gradient for the mean
flow has to be assumed as nonexisting, as it has been done in
previous work related to duct acoustics. When this assump-
tion is removed, the energy equation is modified and the
eigenvalue problem has new solutions.

The mathematical formulation is in the next section. The
discussion about the numerical methods follows and, finally,
a section on results and discussion.

The Mathematical Formulation
Recent investigations of sound propagation use the Euler

equations,13'14 together with finite difference techniques. In
these investigations, the equations are solved using a time-
marching procedure. Therefore, "steady state" is achieved
when the acoustic field becomes periodic with the frequency
imposed through a boundary condition. Motivation for us-
ing such an algorithm comes from the successes that the
algorithm had with problems in fluid mechanics. The use of
the Euler equations allows the computation of vortical in-
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stabilities, when viscous effects on these instabilities can be
neglected.

In order to be able to compute vortical instabilities and
sound waves, the Euler equations are used in the present
study. The geometry examined is shown in Fig. 1. The mean
flow is assumed to be uniform in the x direction and the
choice of the simple profile was made in order to compare
with the previous results and also because this profile com-
pares with the l/7th power law profile.5 The variables used
for nondimensionalizing the physical quantities are the am-
bient speed of sound c, the half-duct width L, ambient
temperature T^, and the ambient fluid density p^. The
pressure is made dimensionless using p^c2. The flow is as-
sumed to consist of a steady mean flow and an unsteady dis-
turbance corresponding to a sound wave. The disturbance is
assumed to be periodic in time and the complex notation is
introduced for convenience. Therefore, the flow quantities
can be written as follows:

(la)u = u(x,y) + u'

v=v(x,y) + v' (x,y)Qxp(i6f)

P = p(x,y)+p'(x,y)exv(iO')

p=p(x,y)+p'(x,y)exv(i6')

er =

(Ic)

(Id)

(le)

(If)

where u and v denote the velocity components in the x and y
direction, respectively, p the density, p the pressure, T the
temperature, and o> the sound frequency.

In the above equations, the disturbance flow velocity com-
ponents, pressure, density, and temperature are assumed to
be composed of an amplitude function that depends on x
and y and have a harmonic dependence on time with fre-
quency co. The mean flow quantities that are denoted by
overbars are present in the absence of the acoustic wave and,
therefore, satisfy the steady equations of motion by
themselves. We will examine only the cases where there is no
mean flow and where the mean flow is parallel. Obviously,
the x momentum equation for a parallel mean flow dictates
that the mean pressue gradient is independent of x, unless
viscous effects are considered. The assumption to be used in
this work is that the mean flow does have a pressure gradient
in the axial direction, due to viscous effects. Notice that for
the case of turbulent mean flow, variations of the Reynolds
stresses would also produce a stream wise pressure gradient.
The other assumption to be used is that there is no axial den-
sity gradient for the mean flow. This means that in the equa-
tion of state the axial temperature gradient balances an axial
pressure gradient. This could happen, for example, due to
cooling or heating the flow from the duct walls.

Fig. 1 Flow configuration.

T
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The effects of viscosity on the disturbance flow are
neglected. It is assumed that the Reynolds number, based on
the ambient speed of sound and the duct width, is large. This
is a reasonable assumption to make for the range of frequen-
cies that are of practical interest. Thus, the disturbance flow
is governed by the Euler equations. If one substitutes Eqs.
(1) into the Euler equations and linearizes, then the Euler
equations result in the following system of partial differen-
tial equations:

where
dx

qT={ur,v',p',p',Tf}

(2a)

(2b)

The matrices [ A ] , [B], and [C] are functions of the
mean flow quantities. They are defined in the Appendix. The
system of Eqs. (2a) needs boundary conditions. However,
there is no need to distinguish between different modes of
propagation and, therefore, all modes can be accounted for
in the solution. In a typical duct acoustics problem, the
boundary conditions can be as follows (see Fig. 1).

At the Jt = 0 location, the complex impedances fl and /2
are defined as

V / p f = f 2 ( y )

(3a)

(3b)

These boundary conditions can be specified, for example, by
using measured data for the complex impedance in the x and
y directions.

At the end of the duct, the acoustic velocities are pre-
scribed as

u'(t,y)=f3(y)

v f ( t y ) = f 4 ( y )

(3c)

(3d)

At the rigid duct walls, the no penetration condition dic-
tates that

(3e)

v'(x,2)=Q

dp'

dp'

(30

(3g)

(3h)

It is true that Eqs. (3g) and (3h) are a result of Eqs. (3e)
and (3f). However, it is convenient to use them as separate
boundary conditions for the pressure in the numerical treat-
ment of the Euler equations.

It should be mentioned that when isentropic sound prop-
agation is examined, the pressure and density are related.
Thus, there is no need to consider the energy equation nor
any boundary conditions for the temperature. The above
formulation, for the case of no mean flow and under the
assumption of a plane acoustic wave, i.e., v' = 0, degenerates
to the classic piston problem. This problem has a closed
form solution as

u' (x) =real

p' (x) =real

u' (£) [ if i (O)sincojc + COSCQJC]

u ' (I) [/1(0)coscoA:+ /sincox]
coscof + ifl (O)sincof

(4a)

(4b)
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= Z2(y)exv(W)

p + Z3(y)exp(iO)

We next focus attention on the eigenvalue problem. The
disturbance flow is treated as periodic in x with the periodic-
ity determined by the wavenumber k. Also, the mean flow is
assumed to be parallel. The flow to be examined is

(5a)

(5b)

(5c)

(5d)

(5e)

(50

The disturbance components are composed of an
amplitude function that depends on the y coordinate times
exp/(otf — kx) for a right-running wave, where co is the
angular real frequency and k the complex wavenumber. If
the wave is left running, then the exponential term becomes

If Eqs. (5) are substituted into the Euler equations, the
following system of ordinary differential equations results:

dZ
[ A ' ] Z + [ B ' ] —— = 0dy (6a)

(6b)

The quantities Zl9 Z2, Z3, Z4, Z5 are the complex amplitude
functions of the disturbance velocities in the x and y direc-
tions, disturbance density, pressure, and temperature, respec-
tively. The matrices [A'] and [B'] are given in the
Appendix.

A comparison with previous work is appropriate at this
point. If the mean flow is assumed to be isentropic, because
of the assumption of fully developed duct flow, the mean
density is assumed constant with x. However, the mean
pressure is related to the mean density with the isentropic
relationship and thus the mean pressure does not depend on
x. Therefore, the equation of state dictates that the mean
temperature is also invariant with x. The result is that the
first three terms on the last row of the matrix [A' ] become
zero because the energy equation for the disturbance flow is
simplified. One can then combine the system of Eqs. (6) into
the following single equation for the amplitude of the distur-
bance pressure:

d2Z4 / 2k
\1-M

-Y dM
Mk/ dy dy

- + co2[(MA:-l)2-A:2]Z4 = 0

where M is the mean flow Mach number. This particular
equation can also be obtained by assuming a disturbance
velocity potential as shown in previous works.2'5

On the solid wall, the boundary condition on the perturba-
tion velocity component in the y direction is zero, because of
the no-penetration condition. This, together with the y
momentum equation, gives that the y derivative of the
acoustic pressure on the wall is zero. The boundary condi-
tion for the disturbance temperature is obtained from the
energy equation and the boundary condition for the u com-
ponent of the disturbance velocity from the x momentum
equation, with the u component of the mean velocity as zero
on the wall. These conditions for a right-running wave are

Z9=0

dZ4 = 0

(7a)

(7b)

df
7-1 dx dx

%i = /coZ4 - ip coZ5 = 0 (7c)

(7d)

All of Eqs. (7) are for ^ = 0 where a rigid wall is assumed.
These conditions can be applied at both walls if one needs to
solve for the whole duct or only at one wall. In the latter
case, conditions of symmetry or antisymmetry at the duct
center must be imposed, in order to compute the symmetric
or antisymmetric modes. In this work, symmetry conditions
were used at the center of the duct, namely, that the v dis-
turbance velocity is zero. This forces the y derivative of the
disturbance pressure to be zero. The disturbance temperature
is obtained from the energy equation.

Therefore, for the center of the duct at y- 1, we have

dZ4

(8a)

(8b)

dT
7-1 dx

7-1
( l-wA:)Z5=0 (8c)

(8d)

Because the governing equations (6a) and the boundary
conditions are homogeneous, the problem is an eigenvalue
problem. Thus, the solution is normalized by setting

Z4(l) = (9)

Notice that if the problem for isentropic sound propaga-
tion is solved, only Eqs. (7a), (7b), (7d), (8a), (8b), and (8d)
are needed in addition to the isentropic relationships.

Numerical Formulation
If one wants to treat the problem described by the system

of Eq. (2a) with a spatial marching technique, one can
follow the procedure described here. An assumption can be
made about the pressure at x = 0. Then, Eqs. (3a) and (3b)
give the acoustic velocity components. Thus, Eqs. (2a) can
be integrated in x using a marching procedure. If subscript /
denotes the points along x and subscript j the points along y,
then the x derivatives for any quantity q can be computed
using the following two-point formula, which assumes equal
spacing AA: between the points:

dx

1
(10)

If the y derivatives are computed using the following cen-
tral difference formula:

dq_
dy 2Ay (ii)

then, assuming the acoustic field is known at the (/-1) and
(/-2) locations, the system of Eqs. (2a) can be written as

_! = [G] (12).

subject to the boundary conditions [Eqs. (3e) and (3f)]. If
one wants to compute the isentropic case, [D], [E], [F],
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and [G] are 3x3 matrices, because the isentropic relation-
ships may be used to calculate p' and T'. The matrices are
given in the Appendix.

A block tridiagonal inversion was used to invert the system
of Eq. (12). Two inversion routines were used, one obtained
from Ref. 16 and the other written by the authors. The solu-
tion can then proceed along x in a spatial marching fashion.
A check must be made to see if the final attained acoustic
velocities agree with those given by Eqs. (3c) and (3d). If
not, the Newton-Raphson iteration procedure may be used
to obtain a new guess for the pressure p'at Jt = 0 and the pro-
cedure must be repeated until this method converges.

For the case of the eigenvalue problem, the system of Eqs.
(6a) was discretized in a uniform grid in the y direction (Fig.
1). Second-order accurate, central differences were used. The
system of Eq. (6a) can be rewritten as

dZ
-=[C']Z

and the discretization gives, at every point /,

(13)

(14)

where [/] denotes the 5x5 identity matrix. The two block
diagonal inversion routines mentioned before produced the
same eigenvalues, within the applied tolerance (10 significant
digits), on the CDC Cyber 855 computer.

A Newton-Raphson procedure was used on the acoustic
pressure to obtain the complex eigenvalue k and, in all cases
presented, the tolerance forced the eigenvalue to be accurate
in the first 10 digits. The truncation error was checked by
computing with varying number of points in the y direction
and it was found to be negligible. The procedure has been
repeatedly used before.2'6 The Newton iteration on k results
from the fact that not all of the homogeneous boundary con-
ditions are satisfied for a chosen value of k. Thus, Eq. (8b)
approaches zero iteratively as k approaches the eigenvalue.

In order to check the solution of the system of Eqs. (2a),
the following procedure was used. In the systems of Eqs.
(6a) and (14), the energy equation was replaced with the isen-
tropic assumption. Then the eigenvalues obtained were com-
pared with the results of Ref. 4. Very good agreement was
found. However because the results from Ref. 4 were read
from a graph, this was not considered satisfactory. Therefore
the simpler eigenvalue problem [Eq. (7)] was programmed and
the resulting eigenvalues were compared with the results ob-
tained using the Euler equations. Again, the obtained eigen-
values agreed to the significant digits imposed by the tolerance
used.

Results and Discussion
In order to examine the numerical spatial marching, the

piston problem was numerically solved and the answers com-
pared with the closed-form solution described by Eqs. (4).

The explicit marching technique given by Eq. (12) was
used to solve the system from left (x=0.0) to right (x = £,
piston location.) Instead of iterating on the upstream
pressure, the computations were started with the exact
pressure as given by the known analytical solutions [Eq.
(4) ], attempting to recover the specified acoustic u velocity
at the piston end. This was done to check the accuracy of the
method. Several runs were made with varying frequencies
and grid points. Some representative examples for the
nonreflecting (f{ = 1, /2 = 0) case are shown in Fig. 2.

Figure 2 shows that the method is unstable for a large
number of grid points in the transverse direction. This is in
agreement with the conclusion of Ref. 17, where a similar
marching method was used on the Helmholtz equation. For
example, for a nondimensional frequency (w£/c) of 1.0, the
most satisfactory result is obtained by using 4 grid points in

the transverse direction and 400 grid points in the axial direc-
tion. It may be hypothesized there exists a distinct relation-
ship between AJC, Ay, and the frequency of excitation in
order to get meaningful results. The reflecting case (f& 1)
computes more poorly than the nonreflecting case, even with
a low number of grid points in the transverse direction.

With the stability limits discussed in Ref. 17, a distinct ad-
vantage of this method is that the storage requirements and
the computer time required are low. The only quantities that
need to be stored are the #/_i,7 and Qt-2j> m order to com-
pute the Qij.

It is concluded that the restrictions in the mode shape
(essentially only plane waves allowed) are too severe for this
scheme to be of practical use. Thus, we next turn our atten-
tion to the eigenvalue problem. The mean velocity profile
shown in Fig. 1 was used in order to compare with the
results of Ref. 4 and with the same results obtained from the
simplified eigenvalue problem. Figures 3 and 4 show the
wavenumber k as a function of the mean flow Mach
number, for the lowest mode of propagation, for both up-
stream (left) and downstream (right) running waves. The
results agree well with those of Ref. 5. It may be observed
that the wavenumber increases as the mean flow approaches
near sonic conditions for the left-running wave, indicating
the breakdown of the linear theory of acoustics.

In these calculations, the mean pressure along the duct is
constant. The lowest mode propagates unattenuated
upstream and downstream and, therefore, the wavenumber
is real. Next, various pressure gradients were imposed along
the duct. The resulting eigenvalue k contains an imaginary
part. For the upstream running waves this imaginary part is
plotted for various Mach numbers and pressure gradients in

3. 0 4. 0 5. I

TRANSVERSE GRID POINTS, J

Fig. 2 Numerical stability assessment for the piston problem.

UJ 12. 0
D

1

MACH NUMBER, M

Fig. 3 Lowest mode eigenvalue for a left-running wave.
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Fig. 5. It is negative, which implies that the wave is at-
tenuated. However, for downstream propagating waves the
eigenvalue has a positive imaginary part (Fig. 6). Therefore,
the wave grows unstable as it propagates downstream. This
instability is due to the inclusion of the full energy equation,
with the pressure and temperature gradients on the mean
flow.

The difference between the pressure of the acoustic wave
when it is considered isentropic and the one computed in this
paper is very small, as can be seen in Table 1. Therefore, it
would be very difficult to distinguish between the two in an
experiment. Also, the real part of the wavenumber and,
hence, the propagation speed is the same to the third signifi-
cant digit. Therefore, there is essentially no dispersion
because of the new eigenvalue relationships (generated
numerically).

It should be also mentioned that the computed instability
is not of the "critical-layer" type because the phase speed is
higher than the mean flow velocities. This is the reason that
we restricted our attention to the lowest mode, so that the
geometry does not play any role. It seems that the instability
is due to the inclusion of the full energy equation. However,
for a ramjet combustor, heat sources or sinks (cold walls)
can have similar effects and result in the same type of
instability.

The flow was strictly parallel with mean density being in-
dependent of the stream wise coordinate and with a favorable

pressure gradient. In order for this to be true, the equation
of state dictates that dT/dx ought to be negative. Actual
values for dT/dx were obtained from dP/dx and the state
equation.

The instability of the acoustic wave we computed is due to
the fact that the nonisentropic sound propagation is com-

dP/dX

Fig. 5 Imaginary part of eigenvalue for a left-running wave.

I
UJ
o
UJ . 6

MACH NUMBER, M

Fig. 4 Lowest mode eigenvalue for a right-running wave.
dP/dX

Fig. 6 Imaginary part of eigenvalue for a right-running wave.

Table 1 Results for a linear boundary-layer profile for half-duct width (M=0.4)

Y

0.000
0.050
0.100
0.150
0.200
0.250
0.300
0.350
0.400
0.450
0.500
0.550
0.600
0.650
0.700
0.750
0.800
0.850
0.900
0.950
1.000

dP/dx=0.0
Real p

-0.3626E + 00
-0.293 IE -l-OO
-0.1835E + 00
-0.8648E-01

0.1134E-01
0.1090E + 00
0.2057E + 00
0.3004E + 00
0.3922E + 00
0.4803E + 00
0.5637E + 00
0.6418E + 00
0.7137E + 00
0.7788E + 00
0.8364E + 00
0.8860E + 00
0.927 IE + 00
0.9593E + 00
0.9823E + 00
0.9959E + 00
0.1000E + 01

d/Vdx=-0.2
Imag p

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

Y

0.000
0.050
0.100
0.150
0.200
0.250
0.300
0.350
0.400
0.450
0.500
0.550
0.600
0.650
0.700
0.750
0.800
0.850
0.900
0.950
1.000

Real;?

-0.3625E + 00
-0.293 IE + 00
-0.1834E + 00
-0.8642E-01

0.1139E-01
0.1091E + 00
0.2058E + 00
0.3004E + 00
0.3923E + 00
0.4803E + 00
0.5638E + 00
0.6418E + 00
0.7137E-fOO
0.7788E + 00
0.8364E + 00
0.8860E + 00
0.927 IE + 00
0.9593E + 00
0.9823E + 00
0.9959E + 00
0.1000E + 01

Imag p

-0.1015E-02
-0.9300E-03
-0.8402E-03
-0.8035E-03
-0.7583E-03
-0.7060E-03
-0.6480E-03
-0.5856E-03
-0.5205E-03
-0.4541E-03
-0.3878E-03
-0.3232E-03
-0.2615E-03
-0.2040E-03
-0.1518E-03
-0.1061E-03
-0.6774E-04
-0.3742E-04
-0.1577E-04
-0.3215E-05

0.
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puted. Therefore, the instability falls into the category of
combustion instability.15 Attention was confined to the
lowest mode because, for combustion problems, it appears
more often than the higher modes. The existence of higher
modes of instability and their interaction, in the presence of
various mean flow effects, is a subject for further research.

Appendix
The matrices [ A ] , [ B ] , and [C] are given as follows:

ap
dx

du
~dx~

du

dv
~dy~

dp

a2\ = P
du

-7j ——

a24 = iku

a43 = - 1/p

af
31 7-1

754= -Ml

dx

7-

012 = 014 = 015 = 023 = 025 = 031 = 033 = 034 = <*35 =

041=042=052=0

a3l=p dv
dx

iidv vdv

dv
a32~p~fy~

a43 = - 1/p i = ̂ 32 - b^ - bi5 - b4l - b42 = b43 =

24 = ^25 = 0

?44 = b45 = 0

#44= 1/P

P af dp

i /^af *;ar\
* ~ 7-1 \ a* + av /

P af
7-1 a* a* 7-1 a>> a.y

itff
7-1 V dx dy

#54 = — /CO <Z55 = p/CO/7 — 1

#14 = #15 = #24 = #25 = #34 = #35 = #41 = #42 = 0

The matices [D], [E]9 [F], and [G] are as follows:

1—-
2Ay

[C]

&21 = PW b24 = 1

Z?32 = PU

b54=-u b55=pu/y-\

bn = b{4 = bls = b22 = b23 = b25 = Z?31 = 633 = Z?34 = Z?35 = 0

^ 4 =

Cn = C14 = C15 = C22 = C23 = C24 = C25 = C31 = C33 = C35 = 0

C41 = C42 = C43 = C44 = C45 ~ C5l = C52 =C53=®

The matrices [Af] and [Br] are given as follows:

a'n = piku a{3 = /co ( 1 + ku )

du
21 =pico(l 022 = P -

2AAT
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